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ABSTRACT. For ternary polymer solutions we use the renormalization group to analyze special experi- 
mental situations close to scaling limits. Specifically we concentrate on scattering experiments under opti- 
cal €)-conditions or in a solvent isorefractive to one polymer component. We suggest a modification of the 
optical @condition, based on renormalization theory. In addition we suggest and analyze osmotic pressure 
compensation experiments equivalent to the scattering experiments mentioned above. We find that in 
general a simple evaluation using power law scaling is not justified. To exclude a misinterpretation of the 
data, one always needs additional information on the binary polymer-solvent subsystems. Furthermore, 
Flory’s Xln-parameter in general is not the appropriate quantity for an analysis of the experiments. It is a 
nonuniversal quantity typically dominated by contributions of the binary subsystems. 

1. Introduction 
New experimental and theoretical developments recently 

led to increasing interest in the physics of ternary poly- 
mer solutions. On the theoretical side the renormaliza- 
tion group is expected to explain in detail the properties 
of weak solutions of any number of chemically different 
macromolecular species in a common solvent. On the 
experimental side a new light-scattering method using 
an “optical 0-solvent” has led to promising results. This 
method was developed’ on the basis of Flory’s theory of 
polymer solutions, which interprets the experimental phe- 
nomena in terms of the “X-parameters”. Two parame- 
ters xw represent the interaction of monomers of poly- 
mer species a = 1,2 with the solvent and thus are char- 
acteristic for binary polymer-solvent systems. The third 
parameter xl2 measures the effective interaction of the 
two polymer species in solution, and it thus contains the 
new physics specific for the ternary system. Much exper- 
imental work has aimed at  its precise determination, which 
turned out to be a difficult task. The optical @method 
is distinguished by its ability to determine xl2 from dilute 
solution data directly, without knowledge of the binary 
solution parameters xw. This great progress resulted in 
the first reliable estimates of x12. 

In contrast to the original assumptions of Flory’s the- 
ory the X-parameters experimentally are found to depend 
on concentrations and molecular weights, and they there- 
fore do not play the originally expected role of proper 
microscopic parameters. To a large part, their variation 
is due to the excluded-volume effect, and some attempts 
to analyze xlz-data on the basis of traditional theories of 
the excluded volume can be found in the l i t e r a t ~ r e . ~ . ~  A 
modern approach to excluded-volume effects is based on 
the renormalization group4 (RG). For binary solutions 
RG theory has led to an almost quantitative explanation 
of many experimental far beyond the familiar 
phenomena of scaling and power law behavior. For ter- 
nary solutions only some qualitative features of the RG 
have been tested so far. Experimental work is restricted 
to the tentative verification’ of power laws which hold 
under very restricted conditions. 

RG theory of ternary polymer solutionsslo shows a very 
rich structure. Several fixed points with their associ- 
ated scaling regions are connected by nontrivial cross- 
over behavior. To test the complete picture, i t  needs an 
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extensive set of measurements for some typical systems, 
which in general cover some range of the crossover regime. 
The analysis of such data would be a major and not quite 
trivial task, a challenge both to experiment and to the- 
ory. A more modest program consists in the analysis of 
well-defined limiting situations, and the present contri- 
bution is concerned with this task. W e  search for e x p e r -  
imenta l ly  real izable  s i tuat ions  which allow for a s i m -  
p l i f i ed  theoret ical  eva luat ion.  The optical @condition 
was proposed exactly with this goal in mind, and we ana- 
lyze it in detail in light of the RG. We propose a modi- 
fication adequate for such ternary solutions where exclud- 
ed-volume effects dominate both the binary polymer- 
solvent subsystems (good-solvent scaling limit). If one 
polymer species ( a  = 2 )  is at  @conditions, the other one 
( a  = 1) being dominated by the excluded-volume inter- 
action, we reach a strongly asymmetric scaling limit where 
the optical @condition is not appropriate. Then a sim- 
ple analysis results if the solvent happens to be isorefrac- 
tive to species 1. Osmotic measurements also can be 
designed such that a simple evaluation is feasible in these 
scaling regimes. 

Our analysis goes beyond the formulation of limiting 
power laws which can be derived on the basis of scaling 
assumptions.lOJ1 We use lowest order renormalized per- 
turbation theory (“tree approximation”) as a first step 
toward quantitative expressions for the scaling func- 
tions, and we include enough results of the RG to recon- 
struct the full crossover behavior. This extension of the 
simple scaling approach is necessary and most impor- 
tant under two different aspects. The first aspect deals 
with the fact that in the analysis of a given experiment 
we must verify that the scaling region is reached. This 
cannot be judged just from the observation of “power 
law” behavior. The physics of ternary solutions is rich 
enough to simulate power laws also in parameter regions 
where they are unfounded theoretically. Even close to a 
scaling limit, it therefore is important to check the data 
against quantitative predictions in order to get a com- 
plete and consistent picture. The second aspect con- 
cerns the original motivation of the experiments, which 
a priori aim at the determination of the interaction param- 
eter of the two polymer species. In RG theory the Flory 
parameter, ~ 1 2 ,  is replaced by an interaction parameter, 
g12,~, which holds the microscopic information of inter- 
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est. However, in the scaling limits the data in general 
become insensitive to this parameter, and it needs a 
detailed quantitative analysis including also corrections 
to leading power laws to extract g12,,,. 

To summarize, it is the aim of the present contribu- 
tion to suggest experiments that allow for a simplified 
theoretical treatment and to analyze the information on 
the basic interaction parameters contained in such exper- 
iments. We here concentrate on the neighborhood of the 
scaling regions. A presentation of the general theory can 
be found in ref 12. 

The organization of our paper is as follows. In section 
2 we recall the optical @-method. In section 3 we present 
results of the renormalized theory. The derivation of these 
results is a standard problem of renormalized perturba- 
tion theory, and no details will be given. Some aspects 
of the derivation are discussed in ref 12. In section 4 we 
analyze the expression for ~ 1 2 ,  which results from renor- 
malized theory, we formulate a renormalized version of 
the optical @-condition, and we discuss scattering exper- 
iments using an isorefractive solvent. Section 5 is devoted 
to the osmotic pressure. Our results are summarized in 
section 6. 

2. Optical &Method 
2.1. Notation. We denote by cpa the number per unit 

volume of macromolecules of species a. Na (or Nwa)  is 
the number-(or weight-)average degree of polymeriza- 
tion (“chain length”) and c, = Nacpa is the monomer con- 
centration of species a. u, = &/&, stands for the scat- 
tering index increment. Introducing the monomer num- 
ber densities, Pa, of liquid polymer (and the density, PO, 
of pure solvent), we easily can relate our variables to those 
introduced in refs 1 and 2. 

c, = Papa u, = $,/Pa (2.1) 
Here cp, is the volume fraction of polymer a in solution 
and $, is the scattering index increment related to a change 
of (pa. (The volume excess upon mixing has been ignored; 
i.e., u = Uid in the notation in ref 2.) 

To describe a scattering experiment, we introduce the 
matrix of intensities, I a b ( q ) ,  which is defined as the Fou- 
rier transform of the (a) monomer-, (b) monomer-den- 
sity correlation function. The scattering intensity is pro- 
portional to 

a,b=l 

It  is useful to express the matrix I in terms of its inverse 
1 

I,, = ( - l )a+b LL - 11; 
where here and in the sequel we use the notation 

t = l  i f c = 2  t = 2  i f c = 1  (2.4) 
Identifying Z(0,u1,u2) with Ro/K* of ref 2, which is the 

scattering intensity at q = 0, normalized to Ro/K* - 
xaua2caNwa for ~1 + ~2 - 0, we can use eqs 8 and 12 of 
ref 2 to introduce the X-parameters as a mere reparam- 
etrization of the experimental information 

2.2. Scattering Intensity under Optical 8-Condi- 
tions. To derive the optical @-condition, we consider the 
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virial expansion of I a b ( q = o ) .  

I,,(O) = c,N,, + A,,C; + Aadc,cd + O(c2) 

rlZ(o) = A~~~~~~ + 0 ~ )  

(2.69 

(2.6ii) 
Thus 

2 

Z ~ O , ~ ~ , ~ , ~  = cu,2~,~wa + A + aC3) 
a=l  

A = $u:c:( A,, + Aa,$ + 2ulu2clc2A12 (2.7) 

Proceeding slightly more general than necessary for the 
discussion of this subsection, we now impose the condi- 
tion 

ulcl(Y1 + uzczcY2 = 0 (2.8) 
where the CY, will be fixed below. Equation 2.7 can be 
rewritten as 

A = u1u2clc2[ 2 4 ,  - 5( A,, + A,:) - ;(All + Al<)] 
a2 

(2.9) 
Using eqs 2.1, 2.4, and 2.5, we can relate the virial coef- 
ficients to the X-parameters, evaluated a t  zero concen- 
tration. 

PO 

PlPZ 
A12 = -NwlNwz-(l - xOl - X Z  + x12) (2.10) 

(Note that the first equation in general implies a depen- 
dence of XO, on the composition of the solution.) Choos- 
ing now 

= Nwa/pa (2.11) 

we find that A becomes proportional to x12 

(2.12) 
1pz 

This is the desired result, which opens a way for direct 
measurement of x 1 2  in the dilute limit. With eq 2.11, eq 
2.8 becomes the optical @-condition (ref 2, eq 17): 

A = - ~ 1 ~ 2 ~ l ~ z ~ ~ w ~ ~ w ~ ~ ~ ~ l ~ ~  PO 

+ U,-N,~ C2 = 0 
PZ 

(2.13) 

3. Renormalized Theory 

3.1. General Scheme. The renormalization group 
exploits the fact that the microscopic unit of the poly- 
mer chain is not uniquely fixed. As defined above we 
think of the monomer as a microscopic unit, but an equiv- 
alent chain can be constructed by combining several mono- 
mers into one effective segment. In RG theory one proves 
that macroscopic properties of sufficiently dilute solu- 
tions of sufficiently long chains are invariant under a trans- 
formation of the microstructure, provided the effective 
segment size, 1,  the elementary interactions, gab,O, the chain 
lengths, N,, and the concentrations, cpa, are changed appro- 
priately. 
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we define D,(x)  as 

(3.11) 

Equation 3.8 is the renormalized form of the standard 
RPA result as given, for instance, in ref 14. From eqs 
3.2 and 3.8 we find 

(3.12i) 

I 1 2 ( q )  = -,1c21~NR(”NR(2)DlD~12A-1 (3.12ii) 

2 -  D a b )  = ,(p,(x) - 1 + x )  
X 

Iaa(q) = caNaDa(l + g6oCR (”N R (‘)D & )A-’ 

where 

A = 1 + gllcR(l)NR(l)D1 + g22cR(2)NR(2)D2 + 
2 (1) ( 2 ) ~  ( 1 ) ~  ( 2 ) ~  D (3.13) 

DO = D a ( ( q l R ) 2 N R ( a ) )  (3.14) 

@llg22-g12 )‘R ‘I7 R R 1 2 

Na - N,‘”)(X) gob.0 ---* gab(X)  (3.1) 

The intensity matrix I,b transforms as12 

1ab(q9Nc,Cpc&c,f,f),1) = 

( c a ~ a ) 1 ’ 2 f ~ b ( ~ ~ R ( ~ ) , N R ( C ) ( X ) , C p R ( E ) ( X ) ~ c ~ ( X ) ) ( C b N b )  

(3.2) 
where the arguments N,, etc., stand for the whole set 
N1, N 2 ,  etc. 

To proceed, we need an explicit form of the mapping 
(eq 3.1). Since basically this mapping is a dilatation of 
the elementary length 1 by a factor l /h ,  the transforma- 
tion of the polymer concentrations is trivial 

(3.3) C p R ( a ) ( ~ )  = ( 1 / ~ ) 3  Cpa = iRsCpa 

For the other parts of the mapping we use results6 of 
second-order renormalized perturbation theory 

(3.4) 

= (1 - fa)l/vySN(a)NO (3.5) 

Equation 3.4 determines 

fa = gaa/g* (3.6) 
as a function of h = l/k. Here the fixed point coupling, 
g*, is the limiting value of g,,(h) for X - 0, which for 
g,,,o > 0 is independent of g,,,o = g,,(X=l): g* i= 4.8.6 
Once fa = fa(h) is known, eq 3.5 determines NRQ)(X). Equa- 
tions 3.4 and 3.5 involve nonuniversal scale factors SP 
and S N ( ” ) .  These parameters depend on and thus 
on temperature and microstructure but are independent 
of concentration or molecular weight. They are taken as 
fit parameters of RG theory. The critical exponents w 
and u take the values 

u = 0.588 w = 0.790 
derived from higher order calculations. 

A first-order calculation yields (in three dimensions) 
We finally need an expression for f d X )  = gdX)/g*. 

Third-order results have recently been derived.13 This 
equation in general cannot be integrated analytically. Spe- 
cial solutions have been given in ref 9 and will be exploited 
in subsection 3.4. 

3.2. Tree Approximation for the Intensity Ma- 
trix. To lowest order renormalized perturbation theory 
we find12 for the inverse f~ of the matrix 7 (eq 3.2) 

CR ( a )  = C p R ( a ) ~ R ( a )  (3.9) 

Here dab denotes Kronecker’s symbol and D a b )  is the 
generalized Debye function. Introducing the Laplace trans- 
form p, (x)  of the normalized chain length distribution 
p, (N)  of species a 

(3.10) 

3.3. Choice of the Renormalization Point. If the 
number of interacting segments is large, i.e., for long chains 
or higher concentrations, perturbation theory breaks down. 
Renormalization is a way to overcome this problem. An 
isolated chain of length N >> 1, for instance, can be mapped 
onto a renormalized chain of length N R  - 1, and for such 
a short chain perturbation theory is valid. In terms of 
length scales N R  - 1 imples I R  - R,, i.e., the size of the 
renormalized segment is of the order of the radius of gyra- 
tion of the chain. 

This simple choice of 1~ is valid only for a very dilute 
system. A t  higher concentrations polymer coils strongly 
interpenetrate, and the overlapping of many chains sup- 
presses the effect of the interaction. We can define a 
screening length,15 [E (the blob size of the scaling theo- 
ries), so that the interactions are negligible for correla- 
tions on the scale of r >> EE. A detailed analysis of the 
screening effect (see, for instance, ref 16) shows that a 
valid choice of 1~ for a binary system is 1~ - [E. In the 
dilute limit EE approaches R,. 

In generalizing these considerations to a ternary sys- 
tem, we have to identify an appropriate screening length. 
In ref 12 we show that the effective interactions in a ter- 
nary system involve two length scales. One scale diverges 
on the spinodal and thus governs the critical phenom- 
ena at  the two-fluid phase separation, which is not our 
problem here. The other length is finite everywhere and 
takes the form 

[&- + gllCR(l) + g22cR(2) + ER-2 = - + - 
2NR“’ 2NR@) 

1 1 

For identical polymer species where N1 = NP and g11 = 
g22 = g12, this length reduces to the screening length of 
the binary system. Generalizing our treatment of binary 
solutions, we therefore fix X = l / l R  such that 

t , - 2  = 1 (3.17) 
This condition constitutes the final input to our scheme. 
Equations 3.3-3.7 and 3.17 allow for the determination 
of all renormalized variables in terms of unrenormalized 
variables N, and cpa and microscopic parameters SI(,), 
s#), and g12,o. (We should note that in ref 9 we used a 
somewhat different length scale, which is equivalent from 
the RG point of view but yields more complicated expres- 
sions. Compare9 eq 4.14.) 



Macromolecules, Vol. 23, No. 10, 1990 Simple Power Laws in Ternary Polymer Solutions 2769 

polymer 1-polymer 2 interactions, replacing 

g,2,0 = g,,(X=l) 
The renormalization condition (eq 3.17) simplifies only 

in the dilute or semidilute limits. Without loss of gen- 
erality we may take N R ( ~ )  I N R ( ~ )  to find in the dilute 
limit c1 - c2 - 0 

1 = l/NR(l) (3.24) 

With eq 3.18 this fixes 1~ and thus all the renormalized 
variables. In particular, if f12 is close to its fixed point 
value f12 = 1, we find from eq 3.23 

We finally want to point out some problems related to 
the choice of eqs 3.16 and 3.17 in a case in which the two 
chains are of very different size: N R ( ~ )  >> NR(*). Taking 
the dilute limit CR(’) and C R ( ~ )  = 0, we find that our con- 
dition distinguishes the smaller chain: 

1 = min [NR(~), 
Combined with low-order expressions for the scaling func- 
tions, our method in the dilute limit therefore will give 
distinctively better results for the small chains than for 
the large chains. This problem is inherent in the the- 
ory, which possesses a single adjustable length scale whereas 
in the dilute solution in fact both radii of gyration are of 
equal importance. I t  cannot be avoided as long as we 
insist on having a smooth crossover prescription connect- 
ing the dilute and semidilute limits. 

3.4. Scaling Limits. The mapping from microscopic 
to renormalized parameters in general has to be evalu- 
ated numerically. An analytical evaluation is possible 
only if the coupling constants gab(X) approach their fixed 
point values. We here evaluate the mapping in the two 
most relevant of these scaling regimes. 

A. Both Binary Subsystems Are Close to the Ex- 
cluded-Volume Fixed Point. Of all the limiting cases, 
this one is easiest to reach experimentally. I t  is realized 
that both binary polymer-solvent subsystems are found 
in the good-solvent scaling regime, which for gaa.0 > 0 
can always be reached by increasing the molecular weight. 

Formally, this limit is defined by 

(1 - f a )  << 1 
and eliminating fa  among eqs 3.4 and 3.5, we find 

NR(’) = [B,/lRI1/’N, (3.18) 

Here 

B, = sl(qsN(0))’ (3.19) 

is the only combination of the nonuniversal parameters 
for polymer a occurring in this limit. Equations 3.3,3.9, 
and 3.18 yield 

cR(“) = [B,/lR]l/”l~c, (3.20) 

An interpretation of B, can be given in terms of the 
radius of gyration. Equations 3.12 and 3.13 yield for a 
single chain of length N 

- - R  1 2N R ( a )  (3.21) 

Using eq 3.18 with NR(~)  = 1, as appropriate in the sin- 
gle chain limit, we can eliminate 1~~ to find 

RJO) = B;N: (3.22) 

which provides us with the most direct interpretation of 
Ba. 

Replacing in eq 3.7 fa by 1, a = 1, 2, we can integrate 
this equation13 to find a solution valid within the accu- 
racy of a second-order calculation. 

sL(12)/lR = I f l 2  - 1 l 1 b 1 2 f l 2 1 / d O )  (3.23) 

Here w12 = 13/64 and ~ 4 0 )  = -21/64 to second order. 
Higher order calculations yield the improved estimate 
w12 = 0.37 (vu12 = y = 0.22 in the notation of ref 11). 
sP2) is the nonuniversal parameter characteristic for the 

(12) w12 (12) W l Z  (12) W l 2  If12-ll=[y] =[%I N 7 = [ & ]  

(3.25) 
In the semidilute limit of strongly overlapping chains 
l /N~(a)  is negligible and for f12 - 1 the normalization 
condition (eq 3.17) reduces to 

1 = 2g*(Q) + cR(2)) (3.26) 

which yields 

1/2 / 1 R -  - pg*q+1) (3.27) 

i. = (B1B2)3/2[(B1/B2)1/2’cl + (B2/Bl)1/2’c2] (3.28) 

We note that the scaling theories found in the litera- 
turesJOJ1 mainly are concerned with the dilute or semi- 
dilute excluded-volume limit as discussed here, impos- 
ing the additional symmetry conditions N(’) = N @ ) ,  B1 
= B2, and p1 = p2 = PO. 

B. Strongly Asymmetric Solution. We now con- 
sider a solution where polymer 2 is a t  its @point, f2 - 
0, whereas polymer 1 is under good-solvent conditions, 
fl - 1. It  should not be too hard to find systems satis- 
fying the necessary conditions g11,o > 0, g22,0 = 0. 

For polymer 1 equations 3.18-3.20 hold. For the sec- 
ond species equations 3.4, 3.5, and 3.9 yield 

NR(2) = (12/lR)2N2 (3.30) 

c p  = lR1;C2 (3.31) 

(3.32) 

12 again can be related to the radius of an isolated chain. 
Equations 3.21 and 3.30 yield for NR(~)  = 1 

1, = S1(2)(SN (2) ) 1/2 

R J 0 )  = 122N, (3.33) 

Again eq 3.7 can be integrated13 to yield 

s / 1 2 ) / ~ R  = I f l 2  - f12*~~/~12f12~/~12~~~ (3.34) 

where G12 = 49/128, ;12(0) = -85/128, any flz* = 47/32 
to second-order approximation. Neither w12 nor 712* has 
been calculated with the same precision as in limit A. 
We note that our result for w12 differs from the results 
of ref 8, a point which will be clarified in ref 13. As before, 
the renormalization condition (eq 3.17) simplifies in the 
dilute or semidilute limits. For C R ( ~ )  - 0, g22 = 0 we 
find N R ( ~ )  = 1 or 

I2/lR = (3.35) 

(We assumed N R ( ~ )  < N R ( ~ ) ,  which will be the case in 
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general for N1 - N2.) In the semidilute limit c ~ ( l )  dom- 
inates ER to yield 2g*cR(') = 1 or 

B,& - - (2g*B 1 1  3c )v/(3'+1) (3.36) 

Equations 3.35 and 3.36 again yield simple expressions 
for all renormalized quantities in terms of unrenormal- 
ized variables, but up to now this scaling limit has not 
found much interest. 

I t  sometimes is useful to express the results in terms 
of scaling variables. By definition these quantities are 
combinations of the basic variables which are indepen- 
dent of IR, provided the binary couplings g,, take fixed 
point values. The previous results suggest the following 
combinations: 

(i) Overlap for species a 
= c pa R go 3(0)= B ~ C , N , ~ ~ *  if f a  = 1 

= la3~aN,1/2 if f a  = 0 (3.37) 

(ii) Ratio of the radii of gyration 
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on chain lengths and concentrations only implicitly via 
A. This feature, however, is lost in higher order pertur- 
bation theory. 

We now consider the scaling limits. 
Limit A. Equations 3.18 and 4.2 yield 

(3.38) 

Note, that in all these expressions R,,(O) by definition is 
the radius of an isolated chain of fixed length N, under 
8- or excluded-volume conditions. If all couplings includ- 
ing g12 take fixed point values, then all scaling functions, 
which by definition depend only on renormalized vari- 
ables, can be expressed in terms of these scaling vari- 
ables. l 2  

The limits A and B considered so far represent the 
experimentally most relevant scaling regions. The fur- 
ther limit fl  - f z  - 0 considered in the literaturelo needs 
a common 0-solvent for both polymer species, which is 
a very special case not explicitly treated here. (We men- 
tion in passing that our choice of the renormalized length 
scale, which is dictated by the screening effect, in the 
semidilute @limit yields results that differ from those 
of ref 10.) 

4. Scattering Experiments 

to eqs 3.2 and 3.8, we find 
4.1. The X-Parameter. Comparing eqs 2.4 and 2.5 

(4.3) 

It  is easily checked that these expressions coincide with 
our previous results derived from thermodynamic quan- 
tities, except that in ref 9 we took PI = PZ = PO. 

Equation 4.2 shows that XIZ is not simply a measure 
of the (renormalized) interaction of the two polymer spe- 
cies. To determine g12, we need information on the param- 
eters of the binary subsystems. A simplification occurs 
insofar as the ratio NR(") /Na via eqs 3.4 and 3.5 depends 
only on A, s d a ) ,  and SI("). Thus, except for the trivial 
term (1 - (cl / pl) - (c2 / pz))-l, the x-parameters depend 

= -(BlB2)'~ug*I~-2~Y(f12 PlP2 - 1 - AU 
x12 Po 

(4.4) 

For If12 - 11 << 1 we find from eqs 3.24 and 3.25, or eqs 
3.27 and 3.29 

(4.6) 
2 - 31, = 0.24; vul2 = 0.22; dilute limit 

[[ST'; (2g*e)uw1*/(3p1) - AU] (4.7) 

= 0.29; semidilute limit 2-31, - 0.31; - vu12 -- 
31,- 1 3u-1 

The nonuniversal parameter AU is positive and van- 
ishes only if the additional symmetry condition plBllIY 
= p2B2lIU is fulfilled. 

In general, the limiting behavior of x12 as f12 - 1 is 
dominated by the contribution of AU > 0 and thus by 
the properties of the binary subsystems. x 1 2  will reach 
its asymptotic value x12  = 0 from below, the limiting power 
law being independent of u12 or sP2). To get informa- 
tion specific for the ternary system, we have to consider 
the corrections to the leading power law, and the analy- 
sis becomes quite delicate. We illustrate this in Figure 
1 where we have plotted log x12 against log (c1 + CZ) ,  as 
evaluated from eq 4.4. We use parameters B1 = 2.49 X 

cm, and s&12) = 1.06 X lo-" 
cm as suggested by a rough preliminary evaluation of the 
data of ref 2, but to show the effect of AU we used AU 
= 0.0035, a value 5 times larger than that found for this 
system. (An accurate evaluation of these data within the 
framework of our theory is given in ref 12.) The asymp- 
totic curve representing the semidilute limit (eq 4.7) shows 
definite curvature, but for finite chain lengths and larger 
concentrations the data can be well represented by a 
straight line. A naive interpretation indicates the asymp- 
totic power law log x 1 2  = 0.68 log (c1 + c2)  - 0.35. Eval- 
uating this result in the spirit of simple scaling models, 
i.e., using eq 4.7 with AU = 0, we find 0 1 2  = 0.48 and 
s1(I2) = 7.5 x cm, to be compared to the correct 
values u12 = 0.37 and s1(12) = 1.06 X lo-" cm. Note that 
just from such data we have no chance to uncover the 
failure of our power law analysis, since clearly we can 
attribute the deviations from the "asymptotic power law" 
occurring for small c1 + c2 to a violation of the semidi- 
lute limit, and possible deviations for large c1 + c2 would 
be taken to indicate that the experiments leave the region 
If12 - 11 << 1. 

Similar results are found in the dilute limit. In Fig- 
ure 2 we plot log x12 as function of log N1 for the param- 
eter values given above. Again the curve does not con- 
firm the naively expected power law, and a power law 
analysis of some finite intermediate range of N1 yields 

cm, B2 = 2.31 X 
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-31 \ 
\ 

Figure 2. log x12 as a function of log N1 in the dilute limit. 
The slope of the broken line indicates the power law for AU = 
0. Parameter values as in Figure 1. 

extreme dilute or semidilute limits we find 

Figure 1. log x12 as a function of log (c1 + c2) close to the 
symmetric fixed point (limit A). The fat line represents the 
semidilute limit N R  - m. Thin lines give results for finite N .  
The slope of the broken line indicates the ideal power law for 
AU = 0. The curves are calculated with the full crossover form 
for f12,  using parameter values given in the text. 

completely wrong parameters. 
This discussion shows that a simple scaling analysis of 

x12 is justified only if AU = 0. Fortunately AU is not 
very sensitive to small deviations p1Bl1Iu f p2B2lIv, and 
furthermore AU = 0 can be checked on the values of XO,: 
From eq 4.1 we find in the excluded-volume limit 

and therefore a simple power law analysis of xlz is justi- 
fied from xol = x02. However, a quantitative formula- 
tion of this criterion again needs additional information 
since from eq 4.4 the deviation XOI - x02 z 0, which can 
be tolerated, depends on f12 - 1 and thus on SP! Fur- 
thermore, any error in the parameters a, of the 0-con- 
dition (eq 2.8), for instance due to a wrong estimate of 
N,,, can result in an increase of AU. In summary, the 
consistency of a power law analysis for x12  in the good- 
solvent scaling regime cannot be checked intrinsically. 
It needs a more precise evaluation using additional data 
and the full RG result. 

Limit B. Equations 3.18, 3.30, and 4.2 yield 

The scaling limit l / l ~  = X - 0 is dominated by the sec- 
ond term in the square brackets, again involving the param- 
eters of the binary subsystems only. The first correc- 
tion results from replacing fl2 by its fixed point value 
flz* and thus is still independent of w12 and s1(l2). In the 

1 _---  - 0.20; 1 - - = 0.15; dilute limit I 
u 2  2u 

2u - - 0.23; semidilute limit 2 - 3u 
3u- 1 3u- 1 
-- - 0.31; - - 

Since we have no way to suppress the leading contribu- 
tion - p 2 / ( 2 p 1 ) ,  it is clear that a reliable determinaiion 
of SP), which measures the deviations of f12 from f ~ * ,  
needs data far outside the scaling limit. Furthermore, 
the exponents of the correction terms in eqs 4.9 and 4.10 
are quite small so that an analysis of x12 by a single power 
law will never be justified in practice. 

4.2. Renormalized Optical 8-Condition. The pre- 
vious analysis suggests that we search for a modification 
of the optical 0-condition that in limit A eliminates the 
leading contribution AU. In the spirit of the derivation 
of the optical 0-condition we first consider the dilute limit. 
The virial coefficients can be expressed in terms of renor- 
malized quantities via eqs 2.6 and 3.12. 

A,, = Id(NwR(0))2gao (4.11) 

A,, = 0 (4.12) 

A,, = -1~NwR(1)NwR(2)g12 (4.13) 

Choosing a. = N,R(,), we find from eq 2.9 

A = - g,, - gZ2) (4.14) 
to be compared to eq 2.12 with eq 4.2 taken for ~ 1 2 .  Obvi- 
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mination of s1(12). It is of interest to discuss the sensi- 
tivity of sP, as derived from such data, to errors in B, 
or N,,. To simplify the analysis, we take B1 = B2 = B 
and N,, = N,z = N,. We first consider the spinodal, 
given by the zero of ell, which is most sensitive to s1(12). 
Since the spinodal is found in the semidulute region, we 
can use the renormalization condition in the form of eq 
3.26 to find 
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Figure 3. 103c/Z(q=O) as a function of 10%. Curve 1 uses param- 
eter values of Figure 1 and a composition x corresponding to 
renormalized optical 9-conditions. Curves 2-4 use a different 
composition and show the effect of varying B1 = BP = B and 
s1(l2) as explained in the text. 

ously the annoying factors U(X) are absent. 

dition. With aa = N W ~ ( " )  eq 2.8 yields 
The price paid is some complication of the optical 0-con- 

" l ~ l N w R ( l )  + u 2 ~ p w R ( 2 )  = 0 (4.15) 
This "renormalized optical 8-condition" even in the dilute 
limit implicitly depends on the fa  (compare eq 3.5). In 
limit A it simplifies by virtue of eq 3.18: 

u ~ c ~ B ~ ~ ~ ' N ~ ~  + v2cJ321/vNw2 = 0 (4.16) 
Equations 4.16 and 2.13 become identical only for p1Bl1IU 
= p2Bz1IU, which is the exceptional case AU = 0 where 
the unrenormalized 0-condition yields simple power laws 
for X I Z  (compare eqs 4.6 and 4.7). With the renormal- 
ized @condition these simple laws hold in all the scaling 
regime A, with no additional symmetry requirements. 

The expression for the scattering intensity a t  q = 0 
also simplifies. Assuming f ,  = 1 and 11 - f121<< 1, we can 
reduce the tree approximation for I(q=O,ul,u2) to the form 

VlV2C - --- 
I(0,q,u2) 

y -1 - 21 3 - ~ l t 2 / v  (sl(1z))W'2(B1B2)1~'g*x(l - x)Nw1Nw2Y -'c 

(4.17) 

valid for all concentrations. Here 

Y = X [ B , / B ~ ] ' / ' N ~ ,  + (1 -X)[B, /B ,] ' "N~,  (4.18) 
c = c1 + c2 c1 = x c  (4.19) 

Quite generally this behavior is reached for very long 
chains. According to eq 4.17, c / I  depends almost lin- 
early on concentration, some small curvature being due 
to the implicit c-dependence of l ~ ,  which is to be deter- 
mined by the renormalization condition. The typical shape 
is shown in Figure 3, curve 1, which compares favorably 
to the typical shape of experimental results of ref 2. (A 
semiquantitative analysis is given in ref 12.) To show 
the effect of the 0-condition (eq 4.16), we also calculated 
c / I  for a different composition x (curve 3 in Figure 3). 
Typically c /Z  passes through a maximum which is sup- 
pressed by the 8-condition. In unrenormalized theory 
the same effect was found in ref 1 subject to the addi- 
tional symmetry condition c1 = c2. 

From eq 4.17 it is obvious that the renormalized 0-con- 
dition fixes a concentration particularly suited for a deter- 

1 + VUl2 
- 4.41; -- - 1.60 3 + a12 w12 = 0.37; - - 3u- 1 3v- 1 

This result is consistent with our previous work.g Clearly 
eq 4.20 fixes only a special combination - (s1(12))037B4.41 
of the nonuniversal parameters. The numerical evalua- 
tion shows that with the renormalized optical 8-condi- 
tion c/I in all the concentration regime to a very good 
approximation is sensitive only to this combination. For 
instance, a 10% change of B can be compensated by a 
change of s P 2 )  within the accuracy of our plot (Figure 3, 
curve 1). s P 2 )  is extremely sensitive to B. Due to the 
numerically very different exponents a 10% change of B 
induces a change of s P )  by a factor of 3! Thus errors in 
B, make an important source of uncertainly for ~ ~ ( 1 2 ) .  The 
sensitivity to errors in N ,  is not as large, but still not 
negligible. 

The need for precise values of B, and Nu seems to be 
a general feature, not restricted to scattering under opti- 
cal 0-conditions. To illustrate this, we in Figure 3 have 
included two more curves (2 and 4) differing from curve 
3 only by the choice of B and a compensating change of 
SP). Curves 2-4 cannot be distinguished in the semi- 
dilute region. Only the maximum a t  intermediate con- 
centrations is sensitive to B separately. The renormal- 
ized 0-condition suppresses exactly this region. 

If we leave the scaling limit A the renormalized 0-con- 
dition becomes less useful since it depends on fa  and thus 
implicitly on concentrations and chain length. In scal- 
ing limit B it simplifies again: 

BINl' '/' 
" 1 C 1 [  w] +.u2c2 = 0 

For N1 - N2 - 03 this yields vlcl - 0; i.e., the renor- 
malized optical 0-condition naturally leads to an isore- 
fractive solvent. 

4.3. Isorefractive Solvent in the Strongly Asym- 
metric Limit. In limit B, where polymer species 2 is at  
its 0-temperature whereas species 1 is in good-solvent 
conditions, we expect results interpreted most simply if 
the solvent happens to be isorefractive to species 1: u1 

= 0. In this situation eqs 2.1 and 3.12 yield 

A particularly simple result is found by taking the dilute 
limit with respect to component 1. According to section 
3.4, the renormalization condition in general will reduce 
to NR@) = 1 to give 

where pa'' denotes the second moment of the reduced 
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Figure 4. J = [l - ~ ~ c ~ ~ ~ / 1 ~ 0 , 0 , u ~ ) ] ( g , , * ~ s , s ~ ) ~ ~  for Rgl = 
Rg2 as a function of LN = log [[?2/s,"2']2[g12*/g*](2/w1*)-(8/3)N 2 ] 
for an unsymmetric system gll = g* and gzz = 0, in the limit s1 - 0. The variation is due to the change of g1z with N2 from 
g12 -+ 0 ( N z  - 0) to g12 -+ giz* (N2 + -1. 
chain length distribution: ba'' = N w a / N a .  This result 
takes a simpler form if we introduce the appropriate scal- 
ing variables (eqs 3.37 and 3.38). We find 

- 2  0 2 4 

2 / u  - 3 = 0.40 
valid in tree approximation for all s2. Simple expres- 
sions also result if we add a small amount of species 2 to 
a semidilute solution of species 1. Since in the limit 
g*CR(l)NR(l) >> 1, the variables CR(~)N~R(~)  cancel in eq 
4.21. From eqs 3.30 and 3.31 together with the renor- 
malization condition 2g*CR(') = 1, we find 

U -- - 0.77 30- 1 
In contrast to the results (eqs 4.9 and 4.10, of the unrenor- 
malized optical @method, eqs 4.22 and 4.23 contain no 
leading term independent of f l z  = g12/g*. An isorefrac- 
tive solvent-if it can be found-in scaling limit B there- 
fore clearly is superior to the @method. For long chains 
g12 of course will tend to its fixed Roint value, indepen- 
dent of sP2),  but information on a12 and SP) can be 
extracted from the leading corrections. In Figure 4 we 
show the crossover behavior predicted by eq 4.22 in terms 
of appropriately reduced variables. 

5. Osmotic Pressure Compensation Experiments 
A standard experiment in the thermodynamics of solu- 

tions consists of the determination of the osmotic pres- 
sure, ?r. For ternary solutions lowest order renormalized 
theory predicts 

?r l 2  
- = cpl + cp2 + -1i3 gabCR(a)CR(b) (5.1) 
kET 2 ab=l  

This result looks like a virial expansion carried to sec- 
ond order. Due to the occurrence of renormalized vari- 
ables which depend nonlinearly on the physical concen- 
trations, it, however, describes the whole crossover from 
the dilute to the semidilute regimes. Results for the sec- 
ond virial coefficients can be found in refs 8, 9, and 17. 

In general, the pressure due to 1-2 contacts will be of 
the same order of magnitude as the pressure due to a-a 
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contacts. Measuring the pressure of the ternary solu- 
tion not against pure solvent but against a carefully cho- 
sen binary solution, we might be able to compensate unin- 
teresting contributions to ?r and to concentrate on effects 
specific for the interaction among the different polymer 
species. We thus assume that a ternary solution (sys- 
tem 11) is measured against a binary solution (system I), 
the experimental result being 

AT = [e]"- k T  [e]' k T  
We concentrate on the two scaling limits discussed through- 
out this paper. 

5.1. Good Solvent Scaling Limit. For gaa = g* and 
a = 1 and 2, we can rewrite eq 5.1 in the form 

where 

c,"=c B(1)II + cR(2)II (5.4) 
and the superscript I1 refers to the ternary solution. The 
interesting information is contained in the term propor- 
tional to f12 - 1, and we thus look for a binary solution I 
compensating the contribution proportional to (CR")~. Ide- 
ally solution I should obey 

These relations are too restrictive, however. Due to the 
difference of the binary solution renormalization condi- 
tion 

1 = [NR(l)I]-l + 2g*cR(1)I (5.6) 
as compared to conditions in eqs 3.16 and 3.17, the pos- 
tulates 1~~ I 1#, c ~ ( l ) I  3 C# cannot be fulfilled simulta- 
neously. The difference in the renormalization condi- 
tions is reduced if we adjust the molecular weights such 
that 

NR(l)II I N R (2)II = NRIl (5.7i) 

or (see eq 3.21) 

Rgl(0) Rg2(0) = Rg(0) (5.7ii) 
equivalently. Restricting ourselves to this situation and 
assuming If12 - 11 << 1, we can expand the renormaliza- 
tion condition of the ternary system to find 

cR(1)IIcR(2)II 

1 = [N,"]-' + 2g*c," + 4g*(f1, - 1) II + 
CR 

W12 - 1)' (5.8) 
We now impose the compensation condition 

(5.9) 

which guarantees that eq 5.5 is fulfilled to zero order in 
f 1 ~  - 1. (Compare eqs 5.6 and 5.8.) With eq 5.7, eq 5.9 
implies that the total polymer concentrations cp in both 
solutions are identical. 
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With eq 5.6 fixing ~ R I ,  we can solve eq 5.8 to find the 
ratio IR"/~R'  to first order in flz - 1. Substituting the 
result into eqs 5.2 and 5.3, we find after some straight- 
forward algebra 
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osmotic pressure. In general, the interesting term wf12 
- 1 is only a small correction, comparable in magnitude 
to the ideal gas term. Thus the compensation has to be 
done very carefully, based on precisely known values of 
Bo. 

5.2. Strongly Asymmetric Limit. Simple limiting 
results are found if polymer species 2 is at  its @temper- 
ature (g22 = 0) whereas species 1 is in good-solvent con- 
ditions (gll = g*). We first consider a case in which a 
small amount of polymer 1 is added to a solution of poly- 
mer 2, the so produced ternary system I1 being mea- 
sured against the binary solution I of polymer 2. 

cp; = cp2 I1 CPlI = 0 CPlII > 0 (5.15) 

Provided N R ( ~ )  > NR(~)  the renormalization condition 
reduces to NR(~'  = 1. A simple calculation yields 

4 1  - X ) ( C Y  (5.11) A s  = g*(f12 - l)l,d-2/u(B B )l/' 1 2  1 + (3u - 2)2g*cR" 

where IR = lR1  = l# + O(fl2 - 1) and x = c1I1/C1I (com- 
pare eq 4.19). In the dilute or semidilute limits our result 
reads 

dilute limit 
f h T  = g * [ s 1 ( 1 2 ) ] W l Z g 1 3 - W l ~ l / v g  l/'N puw12-2x(1 - x)(c")2 

2 1  

(5.12) 

semidilute limit 

(5.13) 

The sign in front of As refers to an incompatible (+; f l z  

> 1) or compatible (-; 112 < 1) ternary solution, respec- 
tively. 

The assumptions Rgl(0) = Rg2(0) and If12 - 11 << 1, which 
lead to the simple result in eq 5.11, are not very crucial. 
If R,1(0) = Rg2(0) but f l z  is not close to 1, then our straight- 
forward evaluation fails, but the experimental effect still 
is totally due to the deviation f12 - 1. If furthermore the 
radii of gyration differ, then we still can evaluate the dilute 
or semidilute limits. In the semidilute limit and for If12 
- 11 << 1 we find the same result as given in the first line 
of eq 5.13-a result that in fact is independent of the 
chain lengths. Also in the dilute limit we essentially recover 
the first line of eq 5.12, provided the compensating solu- 
tion I contains the species of smaller radius of gyration: 
NR(') < NR('); Le., R,1(0) < Rg2(0). 

1 ~ ( l  - X )  (5.14) g*(s1(12))W12B 3 - 1 / P w l z g ~ l / u ~ 1 3 r u w l r 2  

This shows that a compensation experiment with c1I cho- 
sen according to eq 5.9 fulfills its task of compensating 
the leading contribution to P, measuring essentially fl2 
- 1. 

Comparing eqs 4.17 and 5.11, we find that the com- 
pensation method suggested here yields results of the same 
structure as scattering under renormalized optical 0-con- 
ditions. The osmotic method has some interesting advan- 
tages and one great disadvantage. The benefits are obvi- 
ous: The solvent is not restricted by the condition u1u2 

< 0, and we are free to change the composition of the 
solution. The problem arises from the order of magni- 
tude of the different terms in the expression 5.3 for the 

(5.16) 

This holds for all sJ1. 
Another experiment of interest consists in adding a 

small amount of species 2 to a semidilute solution of spe- 
cies 1. 

cll = CIII c21 = 0 c,"> 0 (5.17) 

Here the screening lengths and thus the renormalization 
conditions differ in both solutions. As in the previous 
subsection we can treat this effect perturbatively to find 

2 
As 2 - 31, g12 

3 u - l 4 g *  2g 

These results should be compared to eqs 4.22 and 4.23, 
established for a solvent isorefractive to polymer species 
1. Clearly the two types of experiments carry the same 
information. However, the osmotic pressure can be deter- 
mined for any solvent obeying g22  = 0, g11 = g* without 
need for the additional very restrictive constraint of isore- 
fractivity. 

The experiments proposed above allow for a determi- 
nation of the renormalized coupling constant g12. For 
long chains an$ small concentrations g12 tends to its fixed 
point value g*flz*, and we may ask whether we can com- 
pensate the fixed point behavior to measure only the devi- 
ations from the scaling limit, in complete analogy to the 
compensation experiment discussed in the previous sub- 
section. A fairly simple compensation condition can be 
given only in the dilute limit, provided N R ( ~ )  I NR@),  
Le., Rgl(0) 5 Rg2(0), so that the renormalization condi- 
tion takes the form IRI = l# = R,1(0). Choosing 

we find in the dilute limit of both components 

(5.20) 
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Assuming f12 
ing behavior 

f12*, we can solve eq 3.34 to find the lead- 

This method sufcers from the fact that the not precisely 
known-quantity f 12* occurs in the compensation condi- 
tion. (f12* = 47/32 only to second order.) Thus in prac- 
tice the compensation will only be approximate, and the 
experimental result should not be evaluated assuming 
eqs 5.19-5.21. 

6. Summary and Conclusions 
In this paper we have discussed compensation experi- 

ments which aim at a determination of features charac- 
teristic for a ternary polymer solution. Often such exper- 
iments are evaluated assuming simple power law scal- 
ing. We have stressed that this might be quite misleading. 
In a situation where the solvent is equally excellent for 
both polymer species, all the interesting effects are due 
to the corrections to the leading scaling behavior. We 
then have to check carefully whether a simple power law 
indeed does dominate the effects. In particular, for an 
optical (3-solvent we have found that, in general, the rep- 
resentation of the data by a single power law cannot be 
justified. We have proposed a modification of the opti- 
cal (3-condition, which to leading order yields simple power 
laws, and we have suggested an equivalent osmotic pres- 
sure measurement. We want to stress that even for the 
evaluation of such experiments, we need additional infor- 
mation: We need to know the parameters of the binary 
subsystems polymer (a)-solvent both to judge whether 
we are in the good-solvent limit and to evaluate the exper- 
iment quantitatively. If this information can be pro- 
vided, we can extract the basic parameter s ~ ( ~ ~ )  of the 
polymer-polymer interaction. Its precision, however, 
strongly depends on the precision of the binary solution 
parameters. 

We also considered a strongly asymmetric situation in 
which one polymer species is at  its @temperature, the 
other one being in good-solvent conditions. We pro- 
posed both osmotic and light-scattering experiments ade- 
quate for this scaling limit, which to our belief should 
find more interest. 

To fix the experimental conditions, the different exper- 
iments need information on the binary subsystems on a 
very different level. For the isorefractive solvent method 
as well as for the first two osmotic experiments in the 
strongly asymmetric limit we only have to guarantee that 
the (3-condition or the condition of isorefractivity is met. 
In contrast, all experiments in the symmetric limit as 
well as an osmotic measurement aiming a t  compensa- 
tion of the fixed point behavior in the asymmetric case 
need precise values of the binary solution parameters in 
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order to set up the ternary solutions. Thus these latter 
experiments should be evaluated using our general results, 
not assuming a priori that the relevant conditions on the 
composition of the solution are met precisely. 

Just fitting to power laws one is restricted to the dilute 
or semidilute behavior in the scaling limits. Our method 
is not restricted to these limits, and we have presented 
some results from which the crossover can be extracted. 
A complete discussion of all observable quantities in all 
the available parameter regions can be found in ref 12. 
Our present quantitative results for the crossover func- 
tions are based on lowest order perturbation theory and 
therefore are not expected to be quantitatively correct. 
They, however, certainly reproduce the qualitative fea- 
tures of the crossover, and experience with binary solu- 
tions suggests that lowest order results of our scheme 
reproduce the experiments within 10% deviation. First- 
order results for the free energy and related quantities 
recently have been published in ref 18. 

Our results show that the role of the x ~ p a r a m e t e r  is 
greatly overemphasized in the literature. This parame- 
ter is a nonuniversal quantity showing complicated cross- 
over behavior. Its value, in general, gives no direct infor- 
mation on the compatibility of the system. Further- 
more, focusing on x12 we lose a lot of information contained 
in the data. This is particular obvious for unsymmetric 
solutions. 
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